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Main result {#Sec2}
===========

The main aim of this paper is to prove the following result. Since $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar1}
---------
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                \begin{document}$$\begin{aligned} -26= & {} F_{10} - 3^4 = F_2-3^3;\nonumber \\ -6= & {} F_8-3^3 = F_4 - 3^2;\nonumber \\ -1= & {} F_6-3^2 = F_3-3^1\nonumber \\ 0= & {} F_4-3^1 = F_2-3^0;\nonumber \\ 2= & {} F_5-3^1 = F_4-3^0;\nonumber \\ 4= & {} F_7-3^2 = F_5-3^0;\nonumber \\ 7= & {} F_9-3^3=F_6-3^0;\nonumber \\ 12= & {} F_8-3^2=F_7-3^0. \end{aligned}$$\end{document}$$

Auxiliary results {#Sec3}
=================

To prove our main result Theorem [1](#FPar1){ref-type="sec"}, we need to use several times a Baker-type lower bound for a nonzero linear form in logarithms of algebraic numbers. There are many such in the literature like that of Baker and Wüstholz from \[[@CR2]\]. We use the one of Matveev from \[[@CR14]\]. Matveev \[[@CR14]\] proved the following theorem, which is one of our main tools in this paper.
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Theorem 2 {#FPar2}
---------
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During the calculations, we get upper bounds on our variables which are too large; thus, we need to reduce them. To do so, we use some results from the theory of continued fractions.

For the treatment of linear forms homogeneous in two integer variables, we use the well-known classical result in the theory of Diophantine approximation.
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-------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ be an irrational number, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{p_0}{q_0}, \frac{p_1}{q_1}, \frac{p_2}{q_2}, \ldots $$\end{document}$ be all the convergents of the continued fraction of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \tau $$\end{document}$ and *M* be a positive integer. Let *N* be a nonnegative integer such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ q_N> M $$\end{document}$. Then, putting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ a(M):=\max \{a_{i}: i=0, 1, 2, \ldots , N\} $$\end{document}$, the inequality$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left| \tau - \dfrac{r}{s}\right| > \dfrac{1}{(a(M)+2)s^{2}}, \end{aligned}$$\end{document}$$holds for all pairs (*r*, *s*) of positive integers with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ 0<s<M $$\end{document}$.

For a nonhomogeneous linear form in two integer variables, we use a slight variation of a result due to Dujella and Pethő (see \[[@CR8]\], Lemma 5a), which is itself a generalization of the result of Baker and Davenport \[[@CR1]\]. For a real number *X*, we write $\documentclass[12pt]{minimal}
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Finally, the following lemma is also useful. It is Lemma 7 in \[[@CR9]\].
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Bounding *n* {#Sec5}
------------
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Reducing the bound for *n* {#Sec6}
--------------------------

We need to reduce the above bound for *n* and to do so we make use of Lemma [2](#FPar4){ref-type="sec"} several times. To begin, we return to ([12](#Equ12){ref-type=""}) and put$$\documentclass[12pt]{minimal}
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